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suMMmY

,.

A procedureispesented.forobtainingthepressuredistri-
butionina two-dimensional,incompressible,andnonviscousflow
onanarbitraryairfoilsectionincascade.Themethodconsiders
directlytheinfluenceona givenairfoiloftherestofthe
cascadeandevaluatesthisinterference byaniterativeprocess,
whichappeeredtoconvergerapidlytnthecasestried(aboutunit
solidi~,st~geranglesof0°andk~”). Twovagia%ionsofthe
basicinterferencecalculationsaredescribed. One, whichis
accurateenoughformostpuryoses,involvesthesubstitutionof.- sources,sinks,and~orticesfortheinterferingairfoils;the
other,whichmaybedesirableforthefinalapproximation,
involvesa contourintegration.Thecomputationsaresimplified. by theuseofa ch~tpresentedbyBetzina relatedpaper.The
numericalldborinvolved,whileconsiderable,islessthanthat
requiredbytiepresentmethodsofcmfornaltransformation.a“
Illustrativeexamplesareticluded.

INTRODUCTION

TherapidIncreaseofinterestinthedesignoffansand
turbineshasledtomanystudiesofthetwo-dimensionalflowpast
infinitelattices.Mostofthesestudiesinvolveapproximate
procedures(foremmple,references 1 to 3) or presentsolutions
forspecialclassesofshapes(references1Pand~). Recently,
attemptshavebeenmadetoobtainexactsolutionsbyconformal
transformationofthelatticetoa circle.Tothtsend.,Howell.
(reference6) useda procedurethatfirsttransformedthelattice

● toanisolatedS-shapefigure,whichcouldthenbetransformedto
a nearcirclebysuccessiveJoukowskitransformationsandfinally
toa circlebythemethodofreference~. Inreference8 the* cascadewastransformedfirsttoa nearcircleandthen to a circle,
alsowiththeuseofseveralstagesofconfomnalmapping.In
reference9 the latticewasmappedintoa latticeofstraight
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-parallel,l$nesbymeansofa
aidofthetransformationof
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functionthatwasdeterminedwiththe
thisItielatticetoa circle.(See

references10and11.}Thesetransformationsareofconstder~ble
interest,theo3?etically6‘memethodsofreferences6 and8 require
Iengtiy computations,however,anddifficultyha~beenexperienced
inobtainingaccuratenumericalresultsWi.ti”thlnethodof
reference9. All threemethodsrequiremodificationsforhighly
camberedcontowrsorforlatticesofhighstaggerandsolidity.

Themethodpresentedhere~mdoesnot seeka conformal
transformationdirectlyIIU’t,liketheolderapproximatemethods,
seekstoevaluatetheinterferenceateachairfoilduetothe
presenceofalltheotherairfoilsofthecascade.Thovelocity
distributiononeachairfoilisconsideredtobethesumofthat
correspondingtoitspresenceintheLmliforlufree-streamflowplus
thatcorrespondingtoitspresenceintheinterferenceflow.K13m
interfereryeiscalcula-tedfromthevelocitydistributiononthe
airfoilssothatthemethodreducestoaniterationprocessinwhich,
forthefirstappyoximation$theinterferenceiscomputdbyassuming
the.free-str,eemvelocitydistributiontoexistoneachairfoil.,and. .
insubsequentapproximations’thisvelocityiscorrectedaccordingto
theinterferencederivedintheprecedingapproximation.A solution
isthusfoundforanarbitrarilyspecifiedangleofattack,andthis
solutionIsussdtofindtheconformaltransformationtoWe circle
endtliencethesolutionforanyotherangleofattack.

,.
Thepresent,methodhasbeenfoundappreciablylesslaborious

thah“themethodsthatseektheconfo~ltransformation&lrectly
andisalsocol~sideredmore flexibleinthatitmayboadaytedto
a varietyofcascadeproblemsthatwoul.dledifficulttosolveby
fcmnal%ransfoxmationmethods;forexample,theproblemoftheflow
abo~tdoubl~cascades(orsuperimposed lattices)orcertaintypes
of inver~eproblemsinvolvingthedeterminationofthesettingor
solidityfor& givenairfoilincascade.Someofthefeatureaofthe
interference,anditerationmethodsusedshouldalsobeusefulin the
solution of flows involvinga finitenumber

SYMBOL3.

w flowfunction(complexpotential)

@ velocitypotent%al

u streamfunction,

ofinterferingbodies,

.

b

u

.
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circtiation

IBq@ng-fUnctilxl

localvelocity

vortexatrength

sourceetrengtb

complexvariable

yxmneter

of physicalplane(x+ iy)

fixedpointin@ysicalplans

complexvsriableof referenceplane(g+ iq)
I

profilechord

profilechordusedintransformationofrefersmqe7

caacadespating(dietancebetweencorrespondingpointson
ad~acentbladeg;seefig.1)

centralangleofperfectcircleo’btainadin_&ansformation
ofreference7

centralangleof unit circleoffigure1

surfacelengthonprofile

bladeangle(anglebetweenstaggerlineandnormalto
chords;seefig.1)

solidity(ratioofchordtodistancebetweenprofileej

anglebetweenflowdirectionandnormltoetaggerItie

angleof’attackrelativetobladechord

angleofzeroliftforcascade,z%ktiveto%kde chord
.

8taticpressurerim

turning engk cd?flow
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Subscripts:

f

d

c

r’

a

T

t

n

T.E.

B

v

z

t“

o

1

2

‘o

hot

coefficients

free stream

disturbance

compensating

duetocirculationchange

additional

total

tailstagnationpoint

nosestagnationpoint

trailingedge

duetosourcerows

duetovortexrows

yhysicalplane

referenceplsne

meanflow

incomingflow

outgoingflow

atflowdirectionX.

atfl,owdirectionLO*

Inorderto
theinterference

l?ACA~ HO.1252

.-

“.

THlmI?YOFINTERFERENCECALCULATIONS

explainbetterthebasicconceptsandproceduresof
calculations,discussionoftheiterationstepswill

.

—
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bepostponed.forthepresent,andtheinterferencecalculatlonewtll
ledescribedasiftheywerebeingusedtoverify a knownsolution.

Breakdownoftheflowfunctionintofourcomuorients.-Attention
isfixedononeairfoiloftheinfinitecascadewhichwillbe
designatedthecentralairfoil.Theflowfunctiononthebound=
ofthisairfoilisconsideredtobethesumofthefollowingcomponents:

Wf

Wd

Wc

w~

theflowfunctionforthecentrelairfoil,consideredasisolated
inthefree-streeznflow(thevectoraverageoftheflowfar
infrontofthecascade@the flbwfarbehindthecasca~).
~ch asthebouudaryisaStreautl.ineinthisflow,
Wf=(Pf.

thedisturbancealongthe
alltheotherairfoils
external. airfo&Ls

(
Wd

.

contourcausedbythepresenceuf
ofthecascade,designatedthe,.

theccqensathgflowfunction(whichmayhsxesingularities
onlywithinthecentralsirfoil)thatisrequiredto
mainttitheatrfoila streamlineinthepresenceofthe
disturbanceflow.ItIsdetezminedbytheconditionthat,
ontheboundary,itsstreamfunctionmustbeegualend
oppositetothedisturbancestreamfinction.Thus,
Wc= 4C+ i~c,”where*C= -~d.,

thecontributionofthecirculationthatmustbeaddedto
?nslntatnthp.trail.i.pg-e@e”conution;ithasord.yaresl

Cmpomn:”vr=:r)’.~~ .’
The8~ Wd+Wc + Wr represtitsthenetdhangeofflow

functionduetothepresenceoftheexternelairfoils;itwill
designatedtheadditionalflowfunctionWa= @a. Thesum Wa
willbedesignatedthetotalflowfunctionWT= QT.

Theevaluationoftheisolated,orfree-stresm~flowQf
readilyperformedbythemethodofreference7 andrequiresno
furtherdiscussioninthepresentpaper.Thedisturbanceflow
becalculatedwhenthepotentieldistribution(orvelocity
distribution)ontheexternalairfoilsisknown.Finally.the

be
+Wf

is

can

compensatingflowandthecirculationflowarereadilyd~~ermined,
aswillbeshown,when.thedisturbanceflowisknown.Inthe
followingsectionstwomethodsofcalculatingthe&Lsturbsnceflow
willbedescribed:theapproximatesource-vortexmethodendthe
exactcontour-integralmethod.
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Pi%turbmce flow ~naqx~te source-vortixmetho~,.Eaoh
oftheexternalairfoilsisconeidere~tob~~,adqquatelyrepresented
byan.@mWngement& atih’rt‘twoso~ct%j“’-e sitis’(QTnegative
so~cea),an~f.i.ve“.:mrtidesdistributed&longitsmeanline.The
strengthseriilocationsofthesesingulariq.es#reL:Lc@o-senonthe
basisof,~q:q@rdtiae’.Ahiokpess&lstmih~t$i6~,&~.$hm.dtise“
velocity~distrtbuttuti;’“T&achoiceiss-hw~~t,.@@bi&raryandmay
beIeft tothe.$@@&it ofthewo~kerjhQwever~q-,detailedmethod

,.,,... ,gf choice.hasb6en”“Mbetiibedfntb section-&titled‘rComputational...... Methods.” Thedisturbanceflow,then,is..i@.t:@@Out~ten “
.,,- infinitorow ofI.singularities,equall~Spaoqdalomgthecascade

direction.exoep%thatnotiarelocatedwhere~hq,ce.ntralairfoilis
tobeplaced.Thefiblt””ofeachvortexrowisshow in figure 2!,, ,.
where,for.ccmiveriience,”‘&evorti.co’sareasm.m.pd@ ,.be.j”ofunit
strength,spacedatunitdfstancealongthey-axis,Thisfigureis
fmm raforence1 andtheequationforthef>pw,i#.(rQfer@nce2).’

~>.=:~-_,,.,,........-. ...,.. -- -..-,.,: .,~,.-lJ””.”:
,.. ~,.~,.,,: : ~.,.-,”!.1... ..-.,-: 5 lo& flhh flz”+’L Io&:flzw=‘-- .,,...

.,,&””,&

-. .._ _

—

. .
—
—

.

I
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f atthatpoint(reference12)0Thefieldata pointonthecentral
airfoilduetoa rcwofcorrespondingsurface””el.ementsofthe
externalairfoils(thatis,arowofvorticesofstrengthVTti)
meybeoltaineddirectlyfromfigure2. Integrationofthis
contrilnrtionalongthecontoursoftheexternalairfoilsprovides
anexactdeterminationof’thedisturbancefield.Theprocedureis
enobviousmodificationoftheprecedingapproximatemethod.

Let O end ~ (withoutsubscripts)denote,respectively,the
potentialandstreamfunction-oftherowofunitvorticesin
figure2. Inordertodeterminethedisturbancepotentialend
stresnfunctionata pointz’ onthecentralairfoil,thetir-
foilcontour,drawntoscsleandcorrectlycwientedrelativeto
theoascadedirection,issuperimposed.onfigure2 sothatthe
originfalls,inturn,ata numberofpointsz onthecontour,
endforeachsetting~aluesof % and V erereedatthe
poiilt21. Thenthedisturbanceflowfunctionat Zr isg~venby

-.

“

where
*

vT{z),‘ localvelocity

s W9tancealong

0,y val.uee read.at

onthe,airfoilat

tirfoil.contour

----

. .
..

vuiablepointz
.,-.,.,

z’ whenoriginoffigure2 isat z

andtheintegrationis
Y
erfonuedelongthe,airfoilcontour.

Since~T(z)W = dQT(z# theforegoing.equationscsnbe ,..
rewrittenas . :“- -.

J’ .,‘a(zt) ‘“ @.’d@T(z) .
c“

,. . .

.’, .

sothatthedisturbancepotentialsadstreamfunctionatyointz’
.sre”readily6veluated’byplotting.~.and:1‘against@T and
measuringtheareaunderthecurves.

\
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Determinationofcompensatingflowandcirculationflow.-
hasbeenindicated,thecompensatingflowfunctionmayhave
singularitiesonly-withjnthecentralairfoilcontour,.andonthe
contour,the-streamfunctionmustbeexactlyequalandoppositeto
thedisturbance”streamfunctim.Frcmthetiowntransformation
oftheisolatedairfoiltithecircle,whichwasfoundinthe
processofdeterm~ningWf, thecorrespondencebetweqpointson
theafrfoilendpointsonthecircleisknown.H, then,the

.

desired.compensatingstreamfunctioniseqded asaFourierseries
in termsofthecircleengle.q,

itscorrespondingvelocitypotentialwillbe (reference
con~ugateseries

.s:

7) t&e

Thedeterminationof @c “from~c isreadilyaccamplfshedbythb
methodofreference13. v

Inorderh maintainthetrailing-edgecondition,a vortexTa
mustbeaddedatthecenterofW circleofsuchstrengththat
ra/2fiequalsthevalueof -d@c/dQatthetrailingedge(determflned
graphicallyfroma fairedplotof @c aga~nstq). Thecorre-
spondingcontributiontothepotential;s

r’
or a(p’‘1%-

Thevelocitypotential@a =@d .}@c+ @~ thatconstitutes
theneteffectofput%itigtheairfoilinthe~aacade(matis,the
netinterferenceeffect)maynowbedetorrninedbysimpleaddition
ofthethreecomponents.Presumably,sincethocalculations were
madewiththocorrect@m,~= shouldbothedifferencebetween~+
and #T. A- 0.

Inthefinalstep,@a isdifferentiatedwithrespectto
distancealongtheairfoiltogetthecorrespondingInterference
effecton the
‘f and.vT,
aredigcussed

u

b

--

.

*

VelocityVa whichshouldbethedtfforencebetween
Convenientproceduresforperformingthesecalculations
inthesectionentitled“ComputationalMethods.” --

t.

-.
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ITERATIONMETHOD

Intheprecedingsectionsthebasicconceptsandprocedures
ofcascadeinterferencecalculationshavebeenoutlined.Ihthe
presentsection,theapplicationofsuchcalculationsinthepro-
posediterationmet@dofsolvingcascadeflowwill%0discussed.

t Asfirstattemp~fi,themethodwasessentiallyasfollows:
Inthefirststep,** isassume,dtoequalOf andafirst
approximationto @a iscalculatedonthisbasisbythemethods
@st described.Inthesecondstep,@T isasswnedequaltothe
sumof @f endthisfirstapproximationto @a, anda second
approximationto Qa iscomputed,Thesucceedingstepsfollow
the ssmeyatternandardcontinueduntiltwosuccessive@a-
distri%utionsareeseentisllythesame.Thesource-vortexuethod
wasusedfortheearlierapproximations,butthefinalapproximation,
whenconvergencei.spracticallycomplete,wasmadebythecontour--
integral-method.Thisprocedure,however,wasfoundtoconverge
relatlve~ S1OW13in somecases;andthegeneralpracticabilityof
theinterferencemethoddependsona sli~tnwdificatibnofthe
source-vortexmethod.

Themodificationdependsupontheob~ervationsthatthe
contributionofthesourcesandsinksto,@a change~byrelatively
littlefromoneapproximationtothenext andthattiecontributim
of*e vorticesto *a ienearlyproportion@.to t&ir total
strengthandrelativelyindependentof“theirdistribution.obviously,
ifitwereexactlytruethatthecontributionofthesourcesand
sinksisconstantandthatthecontributionofthevorticesis
proportionaltotheirtotalstrength,onlyoneinterferencecalculation
wouldberequiredendtiesolutioncouldthenbeobtained@rougha
simplealgebraiaequation.Thus,let ●

r~ totalcirculationonairfoflincascade

I’f totalcirculationon isolatedairfoilatsameangleofattack..

ra“ : ( -rdadditionalcirculation~T

r
as constantcontributicmof

r contributionofvorti.cee
av externalairfoils

sourcesandsinksto Pa

to ra whenrf isassumedonall

— .—
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Then,bytheyrecedingassumptions,

whence

rT.
rf+.r% ,----
1-$

(1)

Sincetheassmptionearenotexact].ytrue,thevalueof PT
socalculated “is correspx%inglyinexact;however,itis“much
closertothetruevaluethanif‘itwere“takensimplyas
Pf -l-T’aS+ravoCorrqsTondingly,’thepotential

.— . .

Thesecondapproximationissimilarlyadjusted.Thus,
corres~ondingto.the @T-dietributlonjustobtained,a‘newsetof
sources,sinks,andvorticesared.iqtributedalongthemew line~
andnewvaluesof ~as end r% @e calculated.Adjustment.
follows,asbefore,frcmtheequation

$’T
~Ta “‘f + ‘a8+fi”rav

‘1

wherethesubscripts1 and2 refer’tothefirstandsecond
approximations,respectively,sOlutiOnforrT2 gives

r‘2
rf+ra,8=—.— -.
i- %. .

‘Tl (2)
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and,finally,thepotent~alisgivenby

.

.

.

.

Thissimplemodificationoftheprocedureiesoeffective
thatinthecasestried,thefirststepgavesolutionsthatwould
besatisfactoryform= purposessmdtheproceih.wehadpractically
convergedatthesecondstep.Theadditionalcomplicationof
keepingthesource-sinkaudthevortexeffectsseparatesothat
ra Sndr% can%eseparatelycomputedisrelativelyminorend
s

amplyrepaidbytherapidityofconvergence.

After thesowce-vortexmethodhasessentidd.yconverged,a
finalapproximationbythecontovr-integralmethodisdesirable.
Inthecasescomputed,however,thisfinalstepwasfoundta
introduceonlymtnorchangesM theresult.

!I!KEFLOWATOTHERAMGLESOFATTACK

Froma knownveloci~dletribution at a given angle of attack,
the angle of zero lift and the slope of the lift curve, together
with the velocitydistributionatanyotherangleofattack,maybe
obtaimd. Forthispurpose,thelatticeisconvenientlyconsidered
toberelatedconforma~ytoanIsolatedcirclebya periodic
transformation,whichmightbe,say,ofthetypeusedinreference6,
8, or9. The 9@icit
needed for the present

The flow function
to the desired flow in

formofthetransformation,however,isnot
purpose.

in the circle(c)planethatcorresponds
thephysical(z)plaaeis

—

(3)



w!
.

NACATNNot1252
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Inthe~-planethisflowmaybe”interprete~aBmt ~P to..th~
systemofaource~,s~uks,andvorticesshow infigure1.

..
The

unitcircle C=eieIsa streamlineoftheflowandthecircu-
lationaboutanycontour,encloslngthiecirclebutnotenclosi~
tiepohts ~ .~ek id T’ (positiveclockwise).

Inthephys~cal(z)plsme,thecomplexvelocitiesatthe
pointsz=~ allaz=-~ aredetemninqdbyequation(3)and
t@ transformation.Thus, -.

.’ ,
,,

(} ““-i%”’” ‘f .iq ‘ .

W’ “= ‘ ~~ ,“+”$z’e$’”=,-ve“., ‘ ..,
d; -Yoe, . 2d .,. ..1 ..;-’. :

. . . ,.

and ; .: ., ,, .-

“(,)dlt” ,=:-ve-i% -,ll”’ei$~$:;-i% ,

G .a 0’ ix . 2’ ,““ ‘ . :,,. ..,.,,, ,,’. . .

wheretheanglesand,volocitiesam definedinfigure1, The
flowfarfromthelatticaisseen*“be’tiesam “asthatofan

—
-laQ

infinitovortexrowh theunifo~flow.-Toe . Itsho~dbe v
notid.(fig.1)thatLO= ~+ p, hl= ~ + B, ~d ke= a2+ ~.

Thesevaluesfixtieax@e ofzero lift md fie SloPaof.?~elift.
curveoftheairfoil.incascade;togetherwitbtheknoynpotent~d.

—

dfstritmtiontheydeterminetheconformal,co~espo&lencb}~t,wbcn’.
theprofiloandthecirclaanii,hence,thevelocitydistribution
atanyangled.aktick. ,i ...;,.... ,.

Sincetheairfoilcontour(z-plane)isconformaliyrelai%dto
theunitcircle(~-plane),jtfollowsthatatanygivenangleof
attack’&@ thechangeof,velocit.potentialfrggn~e @ tail ...
stagnationpoint-onbothupp13randlowerm.n’f~cesmustbethosame
forthecircleandfortheprofileincascade.Thesepotential *
changescanreadilybeobtainedforthesinglesolutiononthe E
latticefrcmthet’inalGT-distribution,Thevelocity)?otent~~.
ontheunitcircleis.ob~inedfroaequation(3). ~u~~ b
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L

r *-~Wj “+—
Voa (4) ‘

—,

andthechangeofpotentialfromnosestagnationpointen totail
stagnation~oint‘t ‘s

A3
r-r.

t 1JCos ~o ~“f%

L

(coehK -’

1

COS8t)(coshK + COSen)—=— .
Cvo ,au~- (coshK + c= et}(coshK -cos13n)

b

+28inX.0tan-1- (sinen-

1

sinet)sinhK

sinh2K+ sinensinet...

+~

1
*-1 ‘(tk332en-tiet)m K 1

Vod _@~%+ ~ ‘n @ et
J

(5)

Thispotentialchangemaybeobtainedforeithertheupperorthe
lowersurface.Twovaluesareobtaineddependingonthechoiceof
quadrantforthethirdtermofequation(5).Theconditionofzero
velocityatnoseendtailstagnationpointsis

sine CO.k. r-C9SL3tdIKSinho - -—2VOdsinhK=O (6)

ByuseoftheMown valuesof I’, Ah, and.Xo, equations(5)
emd(6)cazrbesolvedsimultaneouslyfor en, % and K.
Equatim(6)canbeconsideredas”aqusdre.ti.cin sin(3andwith
anassumedvalueof K determinescorrespcmdimgvaluesof en
and et. Equation(5),thendeterminesAQ~. BYtheproperchofce.
of’valuesof K, a curveof AQf againstK may%eplottedsuch
&at ata pointonthis.curveL$’c=&T. Thev~~ of K atthis

-’
Poht ie the desiredvelue;tinecorrespondingvaluesof en end et

—-—
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are~ givenbyequation(6).A convenientinitialchoicefor E Isthevaluethat
corresm~toa latticeofstratght”1tiesaPtb9 saw stagger @ of about 10percentor
20percenthigher solidi~. Figure 3 IsoraldinthiBrespect.!l!heccmputidv~wa
of K anflet, togetherwitiequa~~cm(6),dete~ the-e & zerolift @ . Oj
wlt.hrespect to the airfoil chord, thus,

-l *et.
11= tan ---

andthe”Slope& thelift curve, based on mean velocity,
eguaticn(6)w.threspectb ho;~~~

$

ie o>mined by

yJ
%

.-
0 Ebh K COSh ~

(7)

Merentlat5ng

(8)

‘”A correspondencebetweenpointson the afioil and points m the uni+ circle may
be obtainedby CCIR~i~ the vdum Of @

1
computedbyequation(4)tithth~~l~es

Of~T frcmtielmownpotentialtislr~lmtim.Thepetite(1,7)on the profile

eQd e m the circle for which C’~ = off are

lattice prcfile for the Areara smgie I.o:is

,—

Correspofitigpotits.Thevelocltyonthe

1

H~%.a.cm a, coeh K (e:n .9- sin et) - sinXOSM K(c08 0 - cos et)
.,~~ -:

.- COS#K - c062e

where the tam h brackelm,
obta!nedbyd~fim%ntiating
toa newslreemme Lo:

, *

tiich mpresenta the”velocity on the,circleboundary, is
equation(4). ltfollmmtiattievelocitycorrespo-
Ie

* r ●
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(:),,’430
0

, K

,-

[

COS ho’coshK(s~ne -Sine ) -sinLotEinhK(cose -CO~et)

1cos to cosh K(ain L?- sin et) - sin AO sinh K(cos B .~~ (9)

The follm+ng relat~.orm,which
The mwmanglm .Xl ~a a,p

Sad.

dmcribe Ma flow far may frcm the lattice, are of interest.
at Z=m Smd z = -al am

2 CO!9ho

and tie engb Ww.gh wMch the fluid ie twa by’th,:lattice h @venby

~coEl lo
.1 Troai

(D=’bn

1- ()L.2
‘2VOd

= cos% ~ (sec%l - y2%.J
G
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MODIFICATIONSCORRIHPONDINGTOLOCAL

PRESSURECHANGES

Inreference14,themodificationofenairfoilcontourto
obtain,ayprox~mately,des~redsmallchangesinthe~L’@88ure

distributionisdiscussed.Themethod,basedon“tieformulasof
reference7,qva?.uatesa slightmodificati~ofwe conforma~
trcumformationofthecircletotheairfoil,such‘hatthe ‘
stretchingfactorateverypointischangedinproportiontothe
desiredrelativechangeinlocalveloc~ty.

Althcu@inreference1.4thea~rfoilwasassumedtollein
a strai@tuniformfield,thetreatmentIs.equa.llyapplicablewhen
theairfoilisina curvedordistortedflowfield.Accordingly,
theprocedureshouldbeapplicabletoairfo>lsincascade,
providedthesamemodificationoftheaxtornalairfoilsleaves
thed~.sturbenceflowfieldessentiallyurtifectad.Thisconditim
maynotalways besatisfied;howoTer,~Li’Isuch Casee the method
couldpossiblybeimprovedby”a prcwedursanalogoustothat
describedinthesectionofthepresentpaperentitled“Iteration
Method.”

COMPTUTATIONALMETHODS

Thebasictheoryhasbeenpresented.Inthefollowingsectiom
someof’themethodsusedforyerfomingtheactualcomputationswill
bediscuesed.

Selectionof.rmintsforeva?.uatlonofdisturbanceflow.-The—-----
determ3.nationoftheoompensa.tingflowbythemethodofreference13

— -————.

requires that thedisturbanceflGwbeevaluated.atpointsthat,by
theconformaltransformation,correspondtopointsequallyspaced
aboutthecircle. Mese pointsj whicharelocatedby reference to
the confonnal transfo~tion,arepreferablychosensothatoneie
at,thetrailingedge.Experiencehasshcmnthat,forthe
preliminaryapproximatipne,12iointsat30° intervals yield
acceptableresultx.Inthefinalstepby~h~contour-integralmetbd,
theuse of 24pointeiepreferablefl,nordeti”toimproveaccuracy,
especiallynearthenose.Anacceptablecompromisei~toevaluate
Qd ml yd directlyforonlytheadditiotipointstit arenear
theleadingedgeandtopickoffthevaluesattheotheradditional
pointsfromn fairadcurve.

*

) .

.

.
t

.

,
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Inasmuchasvaluesforthe12-pointand24-pointmethods
notincludedinreference13 thtifollowingtableisyresented:

——

k

.—
1
3

;
9

.,

Ck .,
n= 6–—.

0.62201
.16667
.04466
----.-
.-----

-E-&_

n.12

0.63298
.20118
.loss”
.06394
.0j@2
.cllo~

i.—

. .

17

are

1 Evaluationof ~+ aE~ v..-Integrationofequation(36)of
/ ..— —. -.—.

reference 7 almg the’circleboundaryyieldsthevalueso-fthe
potentialOf atpointsontheairfoilw followe:.,

(lo)

,.

angleofattack
. .

angleofattackforze>~lift .
,’

radiusofthecircletowhichtheairfoiltransforme

a&ularpositio; da the”cirde:, as deteniined “bythe .,
trmsf om.uation

Ifthetransformationhas’beenpeiforind’tierecciomendedin
reference7,tlaeconstant(a)willbe &lightlylessthanone:fourth
thochord.Althoughtho’pbtentialdiscontirihity(com%eponding.to
thecirculatdon)nmy,withoutlossofgeqerali,ty,.beplacedatany
Tointontheccm.tbur,”tictraili~edgp“will~eqerallybe’~otidto
bethemcktconvenientlw”ation. ,. ,,. ,

., i. ’....,. ... .,.
,’

“
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‘i’headditionalveloci$yVa i&g~,”venby the”deri~~tiyealong;.. .
the‘subface”’~$;itmaybedeter~inodly-graphic&ly-differed-””
tiatingOa withrespecttothecircle anQe Q andmultiplying

!& Thue,
. .

thiselcmeby ,“

(11)

“

,.

—

..

The valueof 2~ Itley’”-””-’--’““- ““ ‘ ‘--’ “ ‘-n’-
reference7. ml.m,

“, —

.-....” ::
:.” ,-. . .. . .. —

, . .

wheret@ Seymholsc, e,-and.,I aredefinedinr6ferenc67.

Thecascadeeol,idityneedIMtakenintoaccountonlywhenthe
airfoilsketchtoheUS9dwj.thf3[gme2.is.:conStrticte&:Forthe
rwbse’quentc,elculationa,anyconvmlent tdxPoll.choIM may b6used,”
prov~ded~nLy.thatthesam chordisusedfortheexternalai’fioils
md forthecentral‘airfoil~Theremonisasfollokw:The
etrengtheoftheakgulm$tiosused,toreyrnser.tth#external‘
airfoilsarepropor~lonall.totheasaumedairfoj.1chord;hencethe”
additionalpotontie.lsinducedonthecentralairfoilwillbe
proportionaltiotieassumedchord,Sinceboththeadditional

. .

.

.—
.

.

.

1
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~tentlal@a. anflthedistances ~ thecontour~ pro-
portionaltothechord,thea.lditiohalv&&Y@ Va= ~ .will
be independentofthechord.

.

Tge cnora may men conmniently be chosen as that correspondl~
to a value a = 1 s~nce Q wouldtherm.otap,pearinequations(10)
and(12);

Thenetvelocity’ata,pointontheairfoilsurfaceisthe
algebraicsumofthsvelocityontheisolatedairfoiland.the
inducedvelooityVa atthatpotnt.

Selection ofvorticesforsource-vortexmethod.-Forcascades
ofaboutunitsolidity,thevortexdistributionforanairfoilof
conventionaldesignmq berepresentedbyfivevorticesspacedon
themesnlineat0..1,0.3,0.5,0.7,an5.O.9oftiechord.The
strengths“ofthevorticesczzeteterninodbytheknownchordwise
distributionofpotential@T onthexpperandloewersurfacesfor
the givenapproximation. The difference in potential between the
upper endlowersurfacesat0.2chordisthusaqpraximatelythe
totalvorticitybetweenthelcati.ngewe and0.2chordandis
consideredtobeconcentratedinthevortexat0.1chord;similarly,
theincrease?.nthispotential.diffe~encabetween0.2chordand
0.4chordyieldsthestrengthofthevortexat 0.3 chord, an; so on.
The total vortex strength niqst satisfy the equatim ~-=~.

L)
.

E&electionof’sourcesandsinksforsource-vor>xmet~od.-Tke
selection& sourcesandsinkstorepresent the thickness distribu-
tionofatifoifiis1sssreadilysyste~tizedthanjsth~selection
ofvorticestorepresgnttheliftdistribution.Forconventional
airfoils,a reasonablyeatisfactcryrepresentationisgsberally
attainablewitha sowceatabout0.0!2~chord,& secmdsource
tidwaybetweenthenme andtiep~itim ofmax~mumthichess,and
sinksat0.5,0.7,and0.9ofthechord.Thestra@h ofeach
Sourceorsinkistakenasthedifferencebetwsenthel’internalflow’f
ate st..ti.onmidwybetweenit~d theprecedingsource,andthe
internalflowata stationmldwsybetweenitaiidthefollowing
source.T’hisintezza2.flowata glrenstattonisestimatedtobe
theproductofthetticbessandtheaverageoftheuppsrandlower
surfacoveboitiesatthatstatton.

.

.—

—
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ob~i0u81y,nOts31airfoilshapeswillhebesttrea~d
accordingtotheyatternjustdescribed;however,littleingenuity

*-

isrequiredtoadjustthetraatmenttoa p~r”~~cularshape.Inany
case,thetotalsourceetrengzhmustequalthetotalsinkstrength.

A suggested.step-by-stepprocedureis..a~follows:

(1) Obtainthevelocitieson the airfoil at the givenangle
ofattack in a uniform stremnby the methodof reference .7. This
step also determhes a ccmfomal correspond.gnce betweenpoints
(x, y) on the airfoil and angles p on a circle, and hence the
potential distribution Qf by equation (10).

(2) Usiw tieprocedwedescribedinthesectionentitled
‘+ComputationalMethoW”choose sources,shks, and vortices to
representtheairfoil.

(3) Choosepoints aroundthe airfoil. at whjch the d.istur-
lmnce function Wd is to he found; these points am conveniently
chosen,byreferencetotheccmformaltransformation.,tocorrespond
to12equalintervalsabout‘&ecircle.Byuseoffigure2,
deteimineatthesepOintStheCOntriblltiOns.h ~d ~d Id Of
eachsomceandvortexrow.Sunseparatelythevalues due to
sources and vorticesateachpoint.

(4) I’om the COmpenS~tiIIgfUnC~hIS~c = ‘~d both for
vortices and sources and detcmnine
method of reference 13. Plot cc
slope at the trailing-edge point.

determines the circulation changes

theconjugatefunctions by the
against, .9 edmeasure ,t&e
The.rela~io.n ~a = -2JC

(}
+s’
dq) T-E-

F&a and ~q due to
scmrceand vortex rows. obtiti rT bymeansofequation

(5) Ateachpoint
(a)

(b)

(c)

Sumthevaluesof ~av and ~cv duo to
vortex rows andmultiply by the ratio

Sumthe values of Qds and Qcs due to
of sources amd.9inks.

,“
.,

.

,

the
(1) .

therT......
rf” .
the rows

.
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(6) Sumthe terms (a), (k), =d. (c) d S@ (5) tO get Oaj
plot Qa against the ciycla mqjle q, and measure the elopes at

the po’intsusedintheorjginalconforn@.1transformation(step(1))

atwhichDointsthestretchingfactor.% ~i~lhe~0~ . The
addit.tonalvelocityisgivenbyequation(11);thenetvelocityon
theair?oilsurfaceisthesum oftheadditionalvelocityandthe
velocityontheisolatedairfoil.me correspondingtotal
potentialis Q~ =~~ +@d +~~ +~f, mere Of is’ko~ frOI.U. step(7).

Usingthisnawpotential and vel~city distributim, repee,t
the procedure, starting fromstep(2). Theonlymodificationis
thatrT (step(4))isnowobtainedfzumequation(2},andin
step(5a)thecorrectionfactoris ‘TPJFT1● Theprocessis
continueduntilthechangesinliftandvelocitydistribution
becomesmall.Forpractic~lpuzrpmes,therekmlt~cbtai..nedinthis
msnnermaybeentirelysatisfactm~.Moreac~urateresultsmaybe
obtained,liowever,byapplicationofthecontotir-intbgralmethod
asdescribedinthefollowi.~threesteps.

(7)Locatethspo~ntsontheairfoilth~.tcorrespond,bythe
conform1 trw.sfcrmntion,topointsmtha.ybetweenthosealready
locatedinstep(3). Placetheairfoildrawingonfigure2 with
theorisin,inturn,ateachof*the12pointsatwhichvalues.are .
lmownfromstep(6) (cons~deredasz-points),andreadthechart
ateachOfthe24points ( COnS i+.ered as z?-points). Aspreviously
noted,scmeofthbsoyoi.ntsmaybeneglected.Foreachofthe24
(or fewer) yoir@ plot ths 12 values of @ read at that point
against the .12corrtispondingvalueq of o~. Z!y@erdmet~ f: nd

—

the area betweenthe f aired ctie and the @T-axis to detarmin~ #d.
Thevalueof *d isdetmminedeimilarlyfrana,plotofthe12
values of * against the correwpondiq values of ~.

.

(?) Formthefunctlo~”’~c,=-~d,d?termineitsconj~ate @o;

thecirculationchangeis ra = -%
[dGc

)‘1~ T.E.
andthepotential

Qrd’a?gx.

thecircleangle~, endmeasuretheslopes.Thevelocitieson
theairfoilsurfacefncascadearaobtainedasdescribedinstep(6). —

—— ——



22

Unlessthisvoloc.itydistributiondiffers
intheprecedjngamproximaticm,ii;should
reTeatthepocedure.,

Thevelocitydistributionatanother
obtainedasfollows: “

(a) Solveequations(5)end.(6)for

I

NACA~ NO.1252

widelyfromthatobtained
notbenecessaryto

em.gleofattackmaybe ‘

(3m*Q+.,and K. A

.-
.

.

methodofsolutio~isjndj.catedinthedlscu%io~-following
equation(6).The-e of zeroliftandslopeofthelift,curve
maythenbeobtainedfrtiequations (7) and. (8),

(b) Obtainthepotentialdistrib@ion~ asafunction
of @ .(equation(4));cazparewiththeknown($Ttogeta
oorreapondencebetween6’andpoeitionontheairfoil.Equation(9)
thenyieliigthevelocitydistribute.onatstreamanglekO1. 1

Fxs,mmle1.- The—.—.
NACAh~~~airfoilin
P = 0°, a = 1.032,
treatedinreference

JHUSTRATIYBE2L!NTZES

velocitydistribu~ionwasottainedonthe
theconfigurationshowninfigure4,where
and ho = 9.70. This exemplehas been
8. In accordance with the foregoing procedure,

results asfollowswere obtained:

(1) Infigure5 isshownthechordwisevelocitydistributions
oftheisolated,airfoilattheangleofattackof9.7°,asobta~ned
ina secondapproximationbythemethodofreference7. Theliftrf
coefficientatthisangleofattackis1.67(thatis, — =o,837)jCvo
theangleofzeroliftoftheairfoilis -4.24°, and.the slope of
the lift curve is 6.95 -perradian.

(2) By use of the,lyrocedures~eeted in the secticm entitled
“ComputationalMe+tihods,five vortices, two somce~, and three sinks
were chosen to reyresent the airfoil initially (fig. 6 and table I).

(3) With the first location at we trailing edge, 1P locations
on the airfoil were found corresponding to 30° intervals of the
circle angle (p. These locations are shownin figure 6. (The
primedpo~ntscorrespondto15° titsrvals:) Readings taken at .
these points from figure 2 aregivenirytable~1. Thesereadin&j

..

multipliedhytheappropriatesourceandvortexstrengths>yielded
the~luesof @d ~d ~d duetosourcesandvort~c~sgivenin “- .

table111.



(4)Theconjugatefunctions& weredeterminedbythe12-.

.

. pdnt methc)dsad
functions at the

ras
— = 0.006 anaCvo

aregiven~n ‘~ble-ZV. Theslopesofthese
trail. ing-ed_gopoint yieldd circulation changes

n

*= 0.713.C-’. Thisvalue

coefficientincamade

(5)IntableIVare

corrmponds to a

(C7= 1..03).

giventhevelues

first approximate lift

dueto

‘T (eq~tion(1)),thevslu3sther~tio—n
‘fsourcerows,andthefunction

(6) The.a~.itiona~potenti~oS,=Qd +@c +Qr isplotted
infigure.7. SlopesofthisfunctionWerameasuredetpointsat
whichthestretoh%gfactor~Hknownfmm step(1). Theadditional
VslocitiyVa wasi%cnccmputedbyequation(10);thealgebraic
sumof Va andthevelocityinisolatedflowyieldedthecascade
velocity(fig.9). Thisvelocitydistribution,togatherwiththe
totalpotentialQ~,.formedthebasisfora secondam~rox~hation
(figs.5 and7)● Remitsofthisapproximationme = = 0.006,Cvo

r-
— = -0.363, and Ct .0.99.Cvo Compazzisonofthevelocity

distributionwiththatofthefil*stapproximationshowsthatthe
prooesehassatlsfaotorilyccnvergel.

(7)Thesae 12pointsaroundtheairfoil.werechosenas
Z-poiiits;these,tog~tkerwithfourowersat,1.50~terv~swound
thenose(primedpointsinfig.6)wereusedasz~-points.
Readingsfromtheckt (fig.2)aregivenintableV. Thesevalues
werePlottedaga~sttotalpobnti~ @T (arbitr~~~ fixedatO

- onthelowersurfaceatthetrailingedge).(Asamplecurveisshorn
infig.8.) Thesecurveswereintegratedbyplanimetry.The
results- thedisturbancepotentialsandstreamfunctionsQd

. and ~d -aregivenintableTIZ.
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(8) Thefunction @c (ta%le VT) was obtained by 24-point
harmonicanal,ys~sand eyntl.esis, with the use of interpolated
values of ~c for the points at which it wasnot found explicitly.
The slope of the curve at the trailing-e&e point y?elded
ra—= -0.344,
Cvo
obtained.

(9) The
infigure7.
isplottedIn
converged.

●

fromwhicha liftcoefficientc1= 0.99was

additional potmtial @a = ~d ‘~~ + ~r IS plOttSd
Thevelocitydistributionwasobtainedasbeforeand
figure5. The-processappearstohaveessentially

-.

Simultaneoussolutionofeq~wtlons-(5)and(6)(tableVII)tm
J&[ ACT

findthevalueof K atwhich-–~=— gayeK = 0.3033,cv~ .Cvo
en= -7.570, and et s 181.72°.&ati.m~(7) end(8) then .-
yieldedtheahgleofzerolift;I= -7.75°andtheslopeofthe

dc~
liftcurve = 3.71.5Z0 ~c Thesevaluesmaybecompared-with

7 = -3.94°~d ~~
‘%

= 3.71fromreference8.
.

Infigure9 j,sehowna plotofthepotential~~ against~
computedbyequation(k).A constanthasbeenaddedtomak~the
potentlulequaltozeroonthelowersurfaceatthetrailingedge.

,

Thelmowntotalpotentialincascade!5Ta.zdthecorrospomiing
valuesof x/caregivenintableVTII.Valuesof 8, pickedoff’
theplotatpointswhere@

c
isequaltothegivenvaluesof.@T,

areshownin theadjacentcolumn.Thecorrespondencebetween
airfoilyositl,onanatheangle8 isthusde~mdnd,.Forthe
flowanglesXot= 1,81°and Aol= -7.94C,theveloclty

,—

distribut~onswerecomputedbyequation(9).Infigure10these
resultsarecompar+fi.w!.ththedistributionsg!veninrefe~ence8.
ThemainresultsofthecalculationsaresumarizedintableIX.

Ex&mnl.eII.-Inaneff’orttoobtati-,~nthesimplestpossible--—-—-
manner.arefcmenccuolutionatlar@til.a_@e&gle,concerningthe
accuracyof’whichtherecouldbelittlfidcubt,a latticewas
derivedbyamdifiedJoukowskitrwnsf’ormation.Thistrans-
i’omtionIsd~scussedindetailintheappendix.Thecascade
configurationIsshowninfigure11where~ = 430,a ::1,006,
and A(-J= 490.Thi8latticewillbereferredtoasthe“derived
airfoillattice.’l

.

,
-“

.-



l’haprocedure followed for the,..eource-vortex method was s-1=
to that of the first emmple; the calculattone are outlin?d in
figlrres E to 14. Recaass of i-he uueual shapo of this profile,
only one source was used and an additional sink was inserted at 0.3
chord (fig. 12]. Frcma lift coefficient c ~ = 0.84 in isolated
flow, a s~ngle approxktion y~elded a lift coeff icj ent CT= O.>
in cascade, which was the _ a~ that derived frcrn the solutian by
conformal tranefomation, Since the computed ch8z&s in vor%x
distribution wero small, no further qprox:mations wer’smadeby
thismethod.By reference to the vekc:ty distribution of this
approximst icm (fig. 13), th6 proc~se may be sGen to have cmsmtW13y
converged to the correct solution.

TIMfind contour integration resul ted in a lift coef’ficient
0.54 and the velocity distribution shownin figure J-3. The
results of the calculations are summarizedin table X.

LangleyMemorial AeronauticalLaboratory ,,
NationalAd.visoz~Comitteefo~Aeronautics

Ian.gleyField,Va.,J’anuaryIC,1947

.

.
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APPENDIX

DEEUSILDAIRFOILLATTICE

The symbols used in the appendix are defined In figure 15
and should not be confused with similar symbols used in the main
text of the Taper.

Considerthetransf’omation(reference10),

1 (-ipC+&
z ‘2Te )

—-+ eiP‘lo%‘Q=
10$eg-&. ,(-e-l.f (Al)

.

The,unitcircle(~-~lane)beccmesa latticeofhor~.zontal
strai@t lines in the z-plane, spaced at unit intervals along

sts&qer line, making an angle ~ . ~ wjth the axis .of reals.
i3011dity of this lattice is

.— .8( /&ih2K-1-COB2~+ cOS }a = Cos p loge.
sinh K.

.

This relation

A closed
encloeingthe

is plotted in figure 3.

+ z but notcurve enclosing the points [ = -e

the

The

points ~ = *EX will trans$orm 13yequation (Al) into
en infinite lattice of closed shapes inthez-plane,spacedInthesame
mmnerastheetraight-line lattice. Such a curve Is the circle

.—

= 1.07ei$ + 0.0903$5

“

*

.—

.

.

—

.—

.—

.

.—
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Thiscircle,where13= 45° and K = 0.331,becomesthelatticeof
profilesthathasbeenreferredtoasthederivedairfoillattice.
A flowforwhichthiscircleisa streaml~neandwhich,inthe
z-plsne,hasnosingularitiesoutsidetheprofiles,isthatdueto’
thesystemofsources,sinks,andvorticesshowninfi~e 17. The
valoctty on the circle bound&ry due to this system is

where

-M)
[

‘1 + J2
Ce= ..— ———

~Hl- 1
COS(@- 51) H2 -COS(@-~)

ala

= ~m-l r sin 5
51 s = tsxL-l -r sin 5—.-——

&-rcm38
2

S+rcos3

{)H=: 1m+-.—.. c. n

-. —— .—.- .—— —

The constent r which is tb circulation about each profile
(positive clockwise), is determinedby the Lzai.limg-edgeccmdition

r
[

—= -2:Cos Xo +

)

: sin Lo’ (A2}

‘o

—

as
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whereA,B, and
correspondstothe
zerolift~ with
frcmequation (A2)

NACATNNO.1252

C areevaluatedattheangle$ which
trailingedgeoftheprofile. Theangleof
respecttotheairfoilchord,isobtained
bysetting~ = O;thus,

-lA
v =-tan E-p”

The stretching factor from the circle to the lattice is

where

,~ . d-~

-7’
D =(cosh2K- cosh2*COS2@2 + (Shh~ sin@2_~—

[E = 4 cos2@cosh2K(cosh~- cos2@

7+ ~ sin2j3sinh%C(cosh2~- sin2@)- sin2Psin2f3sinhXl

andy and ~ areobtained

e= ten-l

.:

from $., ~, r, end 5 as

V()
e sin$+rsin~
e%

cos@+rcos5

/
.——

eW w~=rcos(e-~)+~e - r2sin2(~- 8)

Thevelocityatanypointonthesurfaceofa profilets

(0). ( ) I
‘&

+
= ~: *Z
\ IC

.

.

.

.



NACATNfiO, 1252 29

REFERENCES

.

1.Betz,Albert:
NACATMNO.

2.Pistolesi,E.:

Diagramsfor (klculation of AirfoilLattices.
1022,1942.

OntheCalculationofFlowpastanInfinite
screen of TMn Airfoils. NAC!A~~ No. 968, 1941..

3. Pistolesi, E., andToniol.o, A.: S@ calcolo nratico delle
schiere alari. ~tAerotecnica, vol. 18J fast. 10,
Oct. 1938, pp. IJI67-1094.

4. Collar, A.R.: TheFlowofa PerfectFluidthroughCascades
ofAerofc@ls.Jour.R.A.S.,vol.XGV,no.365,~ 1941,
pp.183-213.

~. Merc~t, w., andCollar,A.R.: Flowof= IdealFluidpast
a CascadeofBlades(PartIT). R.& M.No.‘1893,
BritishA.R.C.,1941.

6. Howell,A. R.: liote on the ~eory ot Arbitrary Aerofoilsin
Cascade.NoteNo.E.3859,BritishR.A.E.,March1941.

7. Theodorsen, T., and Garrick, Z. R..: General Potential Theory
ofI&bitrary WinsSecticms. NACARep.No.4>2,1933.

8. Gerrick, 1. E.: On the Plane Potential Flow past a
Lattice of Arbitrary Airfoils . l?Ar2AARRNo. 4A07, l~hk.

9. Mutterperl-, williem: A Solution of the Direct and Inverse
Potential Problems~for Arbitrary Casca&e~of Airfoils .
NAC.AARRNO. L4K2’2b, 1944.

10.von-, Th.,andBwrgers~J.M.: GeneralAerodynamic
Theory-PerfectFluids.ApplicatiaoftheTheoryof
ConformalTramf’o~tiontotheInvestigationoftheFlow
aroundAirfoilProfiles. Vol.11ofAerodynamicTheory,
div.E,ch.II,pt.Bj W.F.Durand,cd.,JuliusSpringer
(Berlin),1935,pp. 91-96.

11.Weinig,F,: DieStr6mungumdieSchaufe3nvon!bmbomaschinen.
Johm AmbrosiusBarth(Leipzig),1935. ,.

12-vonMises,Richard:TheTheoryofFlight.McGraw-Hill.Book
co.,Inc.,1943,p.m.

“.-



30
.

SACATNNo.1252

.

13. Naimen,Irven: NumericalEvaluation by EarmonicAnalysis of
‘ the c-Function of the TheodorsenArbitrary-Aitioil
Potential. Theory. NACAM/l/No. L3H18,1945.

14.Theodorsen,Theodore:Airfoil-ContourModificationsBased i ,
on6-CurveMethodofCalculatingTressureDistri’bwtlon.
NACAARRNO”.L@05,1944.

.

*



—

, , ,

vortexlocatial
(rig.6)

c1

Rlmt approxl-

malmn
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mation

0.290
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TABLE II

CEARl?I@ADlEG9 ~ EACA hk~ AIRFOILLATI!ICE, ~-
VOR15!XHOD

O for vortexrow of tmlt @ for mrtax row of unit

0-~ B-

origb at #1 ,$j~”
, ~; : -

$t 1~’
+.,+ ‘$

,i~’ ,j ‘ /);: :.
y, J >1“; ‘: fit

-y - ~’~“ -~q~~ +4$ -’” ‘b- - 0s3. 7-
a P 7 a f B 7“ fJ c g n

Readinga
(fig.6)-

a 0.O@ o.Cm180.0090.mJ.OJ31.8o.0040ml -oJnl -0.M4-0.176-o.lf?o4.070-o.CQ5-o@03

b JxQ .C@ .0a3 .O11.Km .0030 -.1EZ2-.158 -.1X -.0g6 -bo47-.0130

c .004 .0c8 .009 .Ce9.W “•~1 --- -.1.15-.W -.033-0044-.Olio -.01.0

d .005 .006 .006 .C& -.O@ -X07 -.007 -.045-.030-.026-.CQ4o -.019-.0%

e .002 .OCi .OcQ-.(M4-.Ole-.OI.3-.013 -.W -.0010. -.002 -.CQ5 -.040 -J&5

f o -.001-.OcQ-.0c8-.015-.013-ai o -.001-.001-Alg -.057-.U5 -.174

6 ‘ o 0 0 -.003-.lM5-.Ow o 0 -.003-J@ -●CQ4 -.063-.~o -J83

h -.& o’ Jxn .- .C@ .010 .016 0 .0010 -.Oll?-*CM -.090-.156

1 -.olz-.007-.00S .001 .009 .015 .ce3 -.014-.006-.004 .001-.013-.@@ -.093

J -.@o -.015-.014-.0060 410 .016 -.05’3-.@@ -.037-.010 .001-.010-“@@

k -.016 -.011-.010-.005 .0@ o a04 -.E!~ -.lCQ -W@ -.Cw -.018 0 -.006

1 -~~ o 0’ .O@ .0@ .Oo10 -.1% -.161 -.153 -.097 -.W -.017 0
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NACA TN No. 1252

T!ABIEIII

4a dm tovortexrows

o.CQ30
.0030
.0030
.0023

- :=
o
0
-.0026
-.0057
-.0042
0

0●0020
.0020
.0016
.gc07
-.0007
-.0QX3
-.0006
.0005
.0002
-.0011
-00009
.0009

0.06*,
-.0599
-.0348
- .OIJ.4
- .IM05
- .ooa3
-.0010

.0002
-.0023
-.1057
-.0386
-.061.0

0.0013
.0013
.0006
-.00Q2
-.0015
-.0019
-:%

.0010
0
.0003
.0005

0.0004
.0003
-.0001
-.0007
-.0013
-.0013
“●0002
.0010
.0014
.0010
0

●ml

~a due to wr*x row

@.C@21-o.009i)
-.0176 -Ax@
-.0081 -.0014
-.0007 0
-.0005 -.0032
-.0035 -.0073
-.0044 -.0081
- .O@l -.006
-Ax@ -.0017
-.0018 .Ooo1
- .M@!- .0U22
-.0178 -.0061

Q.0024
-.0013
0
-.0018
-.0039
- .Olil
- .on.6
-.0087
-.0046
- .Omg
o
-.0014

0
0
-.0001
-.0004
-.0007
-.ocn6
o
.0008
.0012
.0008
.0002
0

“o.Ooo1
o’
-00005
-.o@9
-●W
.-.0091
-.00%
“.c@l
-●0051
-.0@2
-.0003
0

33

0.02050J3000-0.0030-o●old,
.0176 -.0020 -.0006
.OI.12.0036-.0005 0
.0044 .Oo1.10 -.0C08
.00070 -.001.1.

0
-.0018

.Ooo1-.o@4-.0052
0 .Ooo1-.0027---
0 -.0019-.0040
.00140X)002-.0CX)6“.0022
.0056.00160 -.0004
.Olzl.0041-X)008o“
.ol&).0067-.o@l-.0007

*d duete source rows

(MO-eo.Od -0.0004-e.0002
-.0004 -.0001

:% :%% -.0002 e
.0005 .0003mom .0003
.0002.Ooo1.0005.(XK)6
o .Ocxll.0006.0U)6
o ●om
-.0002: -:%% -moo4
-.03=-.0003-.0003-.0007
-.Oolg-.00060 -.0004
-●0016-.0004-●om e
-.CQ05o -.0002e

4.0001
0
- .MI05
-.0030
- JX&
- .00%’
- ●OO97
- .od33
-.CK!52
-.0(22
-.0003
0

e
Q

.Ooo1

.0004
AXXJ7
.0006

e
-.0008
- .00I.2
-.0008
- JM02
e

.

.

,
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TABL3!IV

lKmLm!vEcl!oFsooRcEAlmvmi-T%xRem, mccmw’mG rmiIvEoFuEmTIms
MD VELJXI’I!D!9.IXEACAbk32AIRFOILM CAWAIEiKMST APFRKMATIUI.

WmcB-’m?m MEYsm -

‘O+TFd=FF
I I

2em-cOe
,-

a 0.Ckccl0.00140.0?40

b .a)ol.C014.U216

c .Wo7 .0015.olg

t .0016.Cm39.CQ17

e .Cu?l-.0m3-.CQ87

f 4019-.KQo-.0167

e .m3 -.ooK1-.0171

h -.c016--C@ -.Olu

t -.00TI-.Cqp-.pml

3 -.wj7 .OW .00M

k - .0?23.&2 .o151

1 -.CX07’.K@ .CQ19

n .m02 .ca14.0240

T.m-ticea

T
-0.10340.0013.0067

-X848 .041h.0066

-.0440.0513.CGw

-.0169.0314.0017

-.0146.m40 .0034

-.0313-.C@l-.W7

t

-.0%7 .0037 .C@4

-.C243.Cc4iJXQ9

-.o13g-.CC@ ~

- .cQ@ -.0356 - .00?0

-.0503 -.Om -X&6

1-1-
-.a363-.WE .00U

-lo* .0013.0067

o~w+o~r~
Cvo rf

O.@w

.0295

.0*7

.0206

.oc#
-.0C45

.0014

.0045
-.0053
-.@6

-a33E

-m

o.cqo0.C9J33OkG56 .609$

I
-.@ko -.CY315.535 .5*

-.0810-.031!3.3592.3282

-.mo -,.0348.1429@81

-.12@3-.*$ -.036sJEW

-.1620-.1872-.Li26.-

1I
-.18gl-.20s4-.04992*S
-.2161-a2$K1.1642.06M

-.24 -.25& .4802Gz23t

-.2701-3E34 .836>.W1

-.2971-.U361.l@ J3M4

I-.*1 -.32181.3716d%

-.37~-.*@ 1J&l ,1243

–.

Yalm3aat molnts where @ 10 hmm

UppOr13m’rwe

)-m& -0.0356 7.153 -o .231!am

.m -.0427h..>41-.1942.@

mm -.CtyA3.W -.& 1J353
.m -.C@c2.733-.1401.71.9
.WYJ -.0(%62.2U3 -.140 1,523

.&xo -.qjoL52.133 -.lc.s1.345

.80CQ-.@262A* -.@’/1.178

.S030-OK@ 3.226-.CQ5l.@

Lineretrfade

).ol&
.050(
.IOCK
.20a

.4CCC

.&xx

.80x

.Swx

-0.04518.263
-.06>14.&33
-.08b73.*
-.MKq2.413
-.ll~1.914

I
-.lom1.9’33
-.MZ1..335
-.oy3 3.0%3

0.372
-.m
-.280

- .2M
-.221

-.I.92
-.lh>
-J.ol

a
Velmit,ies’almg thsmrrfaco mm cmeid,wd P09itlve*m tl,mdaAfrcuthelcmrsmfweat th tmll.hgedgetaard

tie uppar nurhze atthrItnll.inge-. f .

o.4*
-.3h
-.7L1
-.676
-.75b

-.7%
-a34
-.84>

t?.033

1.W

1.693
1.571
1.393
1.237

1.121

1.053

o.@6
..6M

- .&?l
-.9?4

- .9-M

- .*

-.979
-.946

.
. .

. .

. . . * ,. ,,

,,.
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TAEmv

CHLRTREAIMHOSlm DWEGRATI~WITHRESPECTTO
@T;ITACAk.h12MRFOIZJITCA2CADE;

(!mTwR-ImEmALMETmD

a b e d e f g h i
al.0918

J k 1
o.%000.31060.Om -o.2@2-0.3280+ .2g11:0.10640.17830.

~o.5875
49860.7s9 1.0060

,.

,.

@T-

0
0
-●0ooq
-.0045
-.010
-.011
:;%
●m-f
.015
.CQ4
.CQ8
.02%
:%
.001I

o Cl.001
0 0
0 0
- .0Q3-.0015
-.008 -.006
-.010 -●QQ’r
-.009 -.005
-.001 0
●007 .0065
.015 .o12
.022 .Olg
.@ ●0=
.028 .022
.020 .0105
.C4X5-.0015

0 -.003

.0.Cx)40
-.003
-.0015
0
-.0015
- .0u2
- .Cm
.Oce
.0055
.O11
.0145
.014
.0095
.0050

-.Ols
-.0085

0.Ook
.005.Oc%
.0065
.004
.IXQ5
.0W5

o
0
0
-.003
- .C065
- .oll~
-.0185
-.014
-●M1

oLeo
au”
.0195
.0145
.0055

0
-.0025
-.0035
-●o@
-.0005
0
.001
.003
.006

- .QQQ5
-.015

0.029O.a?lyo.@
.W5 .a?o .0065
.osl~ .0105-.0035
.010 -.0035- .0K5

*.006 -*a?* -.023
-als -.025-.026
-.Olb-.026-.~
-.014-.lZh-0215
-.010-.018-.Olp
-.0065-.OI.25-.&
-.CCE5-.006 .~
-.0005-.C015.0055
0 .W .0#9
o 0 .0035

.W35o
.021 .0155.004

0.001
0
- .C03
-.009
-.016
- .Oti
-.014
-.010
-●a?
.006
.015
.0195
.0215
.016

0

0.-
-.M&
-.006
-.0015
0
0

-0.Oca
-.0Q6
-●W
-.001
●OIX5

o
0
0
0
0
-.0035
- .Oos
-.0155
-@7
-9025
-.017

r. .CQi
- .@%
-.020;
-.023
-.015

.- 6%zr--.Or.?
o
-.0205
- .q’o
- .0s’3.
-.109
- .I19
-.116
-.110
-.093
-.073
- .Ow
- .W8
.001

-.013

0.083
-.063
-.0205
0
-.0175
-.0s
-.042
-JIM
-.047
- .oh15
-.030
-.017
-.ci)35
.003

-.Ols
-.009

-0.19$-0.205
-.132-.178
-.073 . -J.l.l
-.018 -.042
0 -.006
- .0U3 -.0005
- .Ocq o
-.00850
- .0&3 o
- .C05 .0015
o’ .0015
.0035-.OcQ
.CK?25-.01.1

-.0225- .0%
-.091 -.123
-.131 -’.079

-0.217
-.187
- .Ko
-.048
- .Qm
-.0015
0
0
0
0
- .CO15
- .@
-.017
-.063
- J30
- .18a

-0.186-0.002
0
-.012
-.060
-.128
+J
-.1$9
-.u36
-.176
-.158
-.133
-.101
-.044
-.~
o T

0.1300.066
- ●la2-.045
-.048 -.008:
-.004 .002:
.O@ -.ce3

-.003 -.040
-son -.053
-.017 -.064
-.017 -.063
-.014 -.056
-.009 -.044
-.003 -.Cey
o -.015
-.015 0
-.059 -.016
-.109 -.047!

D.o18-o●ce
-.0q5 o
.001 -.0125

-.023 -●062
-.o~ -●131
-.103 -.159
-.119 -J81
“.la - .lgl
-.128 -.189
-.120 -.181
-.103 -.160
-.082 -.136
-.058 -.105
-.016 -.047
D - .0@5
-.009 0

0
-.002
- .a?3
-.081
-.153
-.3.84
-.20k
-.214
-.212
..205
-.184
-.158
:;~7

-.018
-.002

-.159
-●Q%
-.030
0
.OcQ
.0015

-.001
-.0015
-.001
0
- .OcQ
- .00S5
- .04k
-.103
- .16A

.

.

/ %... .Mace at tramngedge.
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NACA TN No. 1252

TABI?IVI
.

~~_VEXOIIZIB 0MHACA4412AXRmILm mslxnx;

CcmuwbwmnETBJD

&
Ovo

oTo281
.0259
.0164

.0033
-.0129

-.0184

-.0219
-.oao
-.0186
=.0157
..0128
..0096
..0071
.0002

.0115

.0232

.0281,

-0.06870.oo21
-.0971.0271
-.0314.0382
-.0098.0257
-.0049.CKEm

-.0071.0317

-.Ollb-.cxm2

-.0130-.lxq.l

-.0164-.0035

-.0151-.0015

..0128-.0043

-.ou.8-.0066

-.0092-.0122

-.0187-.ofxl

-.0362-.0323

-.0586-.0224

-.0687.Owl

-.230~-.2k67.27b7.0280:%

..2449-.2642.4425.1783.-

-.273’7 -.2996.79& .4984
“*W5-.3233l.1.m .7954
“.333-.3W51.33651.Oti
..3601-.32991.ku71.081.8

I-0.04037.153
-.04964.541
-.0533.X
-.06672.733
-.06s2.218
-.@k522.133
-.01892.498
-.00423.226IO.@ 2.2871.999

-.2252.m2 1.7’77
-.1841.8531.669
-.1821.7191.53’7
-.I.441.5231.379
-.0961.3451.249
-.0471.171.131
-.014l.q 1.064

I.aermrfaoe

0.05988.263
-.07924.603
-.09383.304
-.10782.413
-.11991,914
-.10731.903
-.05642.335
-.03333,O&T,0.4940.4 <036

-.364-.34-.678
-.310-.541-.851
-.%o -.Q -.936
-.230-.754-.984
-.203.*7 -.999
-.132-.834-.966
-.103-.w -.9$8

-1-L
a
Veloclt4esalcmgthesurfaceareconsideredpoeitl~evhem dtiectsdfran the

traillngedge-tothe ledlng edgeon the loveranrfaoe,andfromthe
leadingedgeto thetrdlhg edgeontie WPer~~e. ..
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NACA TN No. 1252

1

K

0.3
0.4
0.32
0.311
0.308
0.309
0.308:

TABLEVII

CWPU’I!ATICNOFMAPP~GFONCTIC1’TCXRSTANTS

FUR.NACA~12 AIRFOILLATTICE

e
(a:g)
-7937
-9.81
-7.85
-7.63
-7.57

-7●59
-7●57

et
(deg)

181.62

-182.38

181.83

181.73

181.72

181.73
I

3

P

s

1.1307

.9585

1.0920

1.1088

1.1147

1●1128

lel144

T

3.0157

.Oly

.0156

.0157

.0157

.0157

.0157

u

0.2879
.28%

.2886

.2882

.2882

.2882

.2882

37

1.4343
1.2632
1.3962
1.4X27
I..4U36
1.k167

()
1.4183= ‘*Cvo

-f
(cosh K - COEElt)(coshK + 00Sen)

s. Z loge
1(coshK + cosEJt)(coshK - cos (3n)

NATICNALADVISORY
COMMITTEEFORAENX?AUTICS
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TABLE VIII

RmvJTcri mmnzfm CDKX3 BFKXJ3 e (C-P~) A6D

UXMTICtJON XfACA44X? MRFOIZ IN CASOADE

Upper w-face Lower surface I.-

Point *T/cvo x/c

8 -0S2gll 0.006

h -.1064 .090

i .1783 .2’70

.3 .4s06 .501

k ●7954 .-pm

1. 1.0060 .927”

(:g)
1.4

17.0

45”.7

!%96

145.2

169.2

a

b

c

d

e

r

.!3373

●54W

.3106

.0401

.328Q

1*OOO

.90

●707

.435

.187

●033

-178.3

--167.3

-133.9

-82.9

‘3?.1

-11.8

IiATIC1’iALMJVIWRY
COhMITEE FOR AEFKMAUTICS
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9!ABLELX

RXHJWTS ~ IMCA ~12 AIRFOIL IATTIOE.

d

source-*I M+3NXI

contour- /~etbod ~
Flxst *oEKl

titegralmethod reference8
approxlmaticm apprmdmatim

ATB/cVO 0.006 0.006 --------------------------

Ar./cT~ -.538 -.365 ---------------------------

Arajcvo -.324 ‘ -.342 -0.346 ------------

c1 1.03 .9!? .s9 1.00

K ------------- -------------- .3083 .3109

% ?~g -------------- -------------- 181.73 181.79

~lp% ------------- -------------- 3.73. 3.71

V,fl% + ------------- ------------- -5.75 -5.%

m!MoHALADVISURY
caMIT!mEm AERomIJTIcE!

m
w



!J!mr3X

CcmTAmsm ImIvm AIRFOIZ LATTICE

SOurce-wu=-tex
msthod; first
approximation

AFJcvO -0.083

A~!/cvo -.101

AFa/cVo -.148

cl .%

K I -------------

cc4ltour-
Integral method

---------------

-------- -------

4.132

.*

.2637

193.50

5*U

-2.03

Ocda’ml
tl’tuwfomtiui

--------------

--------------

--------------

0.9+

.2635

193.46

5.11

-2.11

%,’f.al! -------------

@%J -------------

?$4! ------------”

mTmFAL mvxsoIu
Cc@mTmmml Anauwrxa3

.

.
. .
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Fig. 2 NACA TN NO. 1252
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Figure 2.- Velocity potential and stream function for a
of vortices of unit strength spaced at unit distance
the y-axis with the central vortex omitted.
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NACA TN NO. 1252 Fig. 3
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Fig. 4 NACA TN No. 1252
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a Source-vortex metAd9
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Figure 7 , – The induced flow funciton dq - agawd circle ~angle for NA CA
44/2 :Irfojl in Iutflce arrangement, E? = 0; ff = L 032 ;
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Figure 8.- Typ\cal curves for determmohon of Q and ~d by contour-integral
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ABSTRACT: 

A method is presented for obtaining pressure distribution in two-dimensional, non-viscous 
flow on an arbitrary airfoil section in cascade. This method considers the Influence 
on a given airfoil of the remainder of the cascade and evaluates this Interference by 
an Iterative process which appears to converge rapidly. Two variations of the basic 
interference calculations are described. The first involves substitution of sources, 
sinks, and vortices of the interfering airfoils; the other involves a contour integration. 

DISTRIBUTION:   Request copies of this report only from Originating Agency 
DIVISION:Aerodynamics (2) 
SECTION:wings and Airfoils (6) 

ATI SHEET NO.: R-2-8-46 

SUBJECT HEADINGS: interference effects - Aerodynamics 
(52501); Airfoils - Cascades (08000);   Pressure distribution • 
Wings (74500);   Airfoil theory. Two -dimensional (07200) 

Air Documents DtvrsJon, IntolIIgonco Dopartntont 
Air Moiorlcl Coraraand 

AIQ TECHNICAL IHDEX Wrfehf-Partoroon Air Forco E 
Dayton, Ohio 




